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A One-Sentence Proof That Every Prime p =1 (mod 4)
Is a Sum of Two Squares

D. ZAGIER
Deparinient of Mathematics, Usiversity of Maryland, College Park, MD 20742

The involution on the finite set § = {(x,y,2) € W x? + 4yz = p1 defined by
(x+22,:,_v—x—z} ifx=y—z
(x,p.2) = {2y —x,p,x—y+z) ify—z<x<2y
(x—2p,x—yp+z,y) ifx=>2y

has exactly one fixed point, so |§]1s odd and the involution defined by (x, y,z) =
(x,z,¥) also has a fixed point. O

This proof is a simplification of one due to Heath-Brown [1] (inspired, in turn, by
a proof given by Liouville). The verifications of the implicitly made assertions— that
& is finite and that the map is well-defined and involutory (i.e., equal to its own
inverse) and has exactly one fixed point—are immediate and have been left to the
reader. Only the last requires that p be a prime of the form 4% + 1, the fixed point
then being (1,1,k).

Note that the proof is not constructive: it does not give a method to actually find
the representation of p as a sum of two squares. A similar phenomenon occurs with
results in topology and analysis that are proved using fixed-point theorems. Indeed,
the basic principle we used: “The cardinalities of a finite set and of its fixed-point
set under any involution have the same parity,” is a combinatorial analogue and
special case of the corresponding topological result: “ The Euler characteristics of a
topological space and of its fixed-point set under any continuous nvolution have
the same parity.”

For a discussion of constructive proofs of the two-squares theorem, see the
Editor’s Corner elsewhere in this issue.
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ON THE SPECTRAL 3IDE OF ARTHUR'S TRACE FORMULA - ABSOLUTE CONVERGENCE 3

& A, is the identity component of TR{R), which s viewad as a subgroup of T5(A) via
the diagonal embedding of F into F_

o O is the set of Levi subgroups containing My, Le. the (linite] set ol centralizers of
subtori of T,

o 1V = Nepe(Th) /My is the Weyl group of (€7, Ty ), where Ngpe () is the normalizer

of H in &8}

For any s € Wy, we choose a representative w, € G

Wy acts on £ by sM = w, M, L

£ £ we use the following additional notation.

=
=

For |
Thy s the split part of the dentity component of the center of M.

Wil = Ngrpy( M) /M | which can be identified with a subgroup of W

.-!,l.l .-!-:| il .Irl.llI.E]

ayy is the B-vector space spanned by the lattice XM} of F-rational characters of
M;al, =0} @gC

® ayy is the dual space of aj;, which s spanned by the co-characters of Ty,

Hyy o Mi&) = ayy is the homomorphism given by o5 Haisl vime)|, =TT, [xle )],
for any y & X7[M).

Mg © M{4) is the kernel of Hay.

LM} 15 the set of Levi subgroups containing M.

FIMY) 15 the set of parabolic subgroups of (7 with Levi part M.

F(M) FEM UJ.::ﬁ..'ln PILY s the (Anite) set of parabolic subgronps of O
containing A,

Wi{M) acts on P{M) and F{M) by sF = w, P!

L ]

o Xy 15 the set of reduced roots of Ty on the Lie algebra of .

® For any o € Xy we denote by o € oy the corresponding co-root.,

o L3 (A M{F M (A]) is the discrete part of L2 MUF M (A)), Le the closure
of the sum of all irreducible subrepresentations of the regular representation of
M{A).

o 1L (M {A)] denotes the countable set of equivalence classes of irreducible unitary
representations of M A) which ocour in the decomposition of L,,,HI: A MIFI M &)

into irreducibles.

For any L & £( M) we identify af with a subspace of a},. We denote by aj; the annihilator
ol af in oy For any integer @ = 0 let

LMYy =1L & £(M) - dimal, =)
anid
F(M) lJ P,
LELS (M)

so Lhat FAM) U:' aril M) where d is the co-rank of M. We endow ap,, with the
structure of a Euclidean space by choosing g W-invariant inner product.  This choice
fixes Hanr measures on the spaces a‘, and their duals I:a" 7. We follow Arthur in the
corresponding normalization of Haar measires on the groups WUAY ([ArLTS, §1]).
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Index of Commands and Concepts (C) 1003

cm-super-t1.enc file, 355 columns, table
cmbright package, 385, 386, 523 laying out, 240-243
\cnd (Itxdoc), 834 modifying style, 248, 249
\cmidrule (booktabs), 270, 271, 272 narrow, 246, 247
\cmidrulekern rigid length (booktabs), 271 one-off, 248, 249
\cmidrulesep rigid length (booktabs), 271 spacing, 247, 248
\cmidrulewidth rigid length (booktabs), 271 columns, text
code, see computer code balancing, 187
\CodelineFont (doc), 417, 418 breaks
\Codelinelndex (doc), 817, 818, 820, 836 indexes, 680
CodelineNo counter (doc), 417 manually produced, 188, 189
\CodelineNunbered (doc), 820 collecting material, 187, 188
codes key (fancyvrb), 162 floats, 189
\Cof feecup (marvosym), 401 footnotes, 114, 115, 183, 189
Collection of Computer Science Bibliographies, 773 formatting, 186, 187
collections, bibliographic information, 742 multiple, 184-187, 188, 189
collectmore counter (multicol), 186, 188, 189 parallel synchronization, 181, 182, 183, 184
\colon, 535, 536 vertical spacing, 112
(amsmath), 501, 536 \columnsep rigid length, 194, 196, 679, 680, 871
colon key value (caption), 310 {multicol), 185, 186, 187
colon option (natbib), 706 (wrapfig), 300
colon (:), shorthand character, 554 columnsep key/option (geometry), 207
colonsep key value (jurabib), 716, 720, /41 \columnseprule rigid length, 194, 196, 679, 680
color {multicol), 185, 186
background, 158 \columnwidth rigid length, 112, 113, 194, 624
bibliographies, 695 {muiticol), 186
error messages, bibliographies, 785 \Com (tlc), 654
frame rules, 158 \combinemarks (tic), 232
number-only citations, 695 combining tables of contents, 52, 53, 54
rules (graphic lines), 265 comma key value (jurabib), 717
table rules, 265 comma option (natbib), 706, 712
tables, 264, 265 commabeforerest key/option (jurabib), 716, 741
troubleshooting, 870 command key (graphicx), 620
typed text command line tools, bibliographies, 775-783, 786
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“The practitioner of literate programming can be regarded as an essayist, whose main
concern is with exposition and excellence of style. Such an author, with thesaurus in hand,
chooses the names of vatiables carefully and explains what each variable means. He or she
strives for a program that is comprehensible because its concepts have been introduced in
an order that is best for human understanding, using a mixture of formal and informal

. »
methods that reinforce each other.

D. Knuth, Literate Programming, The Computer Journal 27(2):97 — 111, 1984.
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Knuth EE IR Tlook forward to the day when a Pulitzer Prize will be given for the

best computer program of the year.” (D. Knuth, Mathematical Writings, § 10)
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“Typography is what language looks like.” (Ellen Lupton, Thinking with Type, 2 Ed.)
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EEH— OUTIgwEE. RN —H
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Ah, BMEfEE B CEA —ENHER T, AT gEiE _E&olk-F. Kinr A
UHENGE T RS, EE SRR AR AT 2 AN RIS Ll 94T
T 57
TEHIEAE AN . BEE LaTeX SEHAFRIMIPR ML FFE2 L, el mEIAE-&
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DO O DO ODODOO
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Avec une fonction Y, de E;(N,}é,f) de méme norme que 9, , on obt

5 P e
B (¢ '§)=J = J $_ (ne )T.'(at/z ‘!’}(ne 2) dt|dm(n)
172 N/’fxlﬁlz[ k ‘1 %2 52 ] n

On utilise alors, comme dans le second cas, 1'hamScmorphisme
T ~ ' AT . An
N/'?XlHl 2 N, ;5 dlod
tY 2 ~t¥
e ¢)=j J o et T(-at>/2) T, p @) 62 dn
1% = x| e, B Bah 12
Pour &tablir la majoration cherchée, il suffit de considérer des esp

fonctions denses et on peut donc supposer i‘l et T %u g?z décompo
202

& dire de la forme :

@l(n'etYJ = F} (t) F}(n")
ALY (m'e™2) = r3(0) F3m")
FIpL (1981) Xtk LaTeX (2014)



Lemma 15 (i) Let A be a mazimal o-split torus and let A be a mazima
containing A. It is o-stable (cf. [HHJ, Lemma 1.9).
(i) The set of non zero weights of A (resp., A) in the Lie algebra of G is a

A(A) ( resp., A(A)) which appears as a subset of a' (resp., a').

The set A(A) is equal to the set of non zero restrictions of elements &(ﬁ.}
(1ii) Let W(A) (resp. H’[ﬁ}_} be the gquotient of the normalizer of A (resp.,
(resp. Ng(A)), by its centralizer, Cq(A) (resp., Ca(A)).

Then W(A) (resp., IV{ﬁ]) identifies with the Weyl group of A(A) (resp.,
is the set of restrictions to a of the elements of W {ﬁ] which normalizes a.
(iv) Let p,v € a' which are conjugate by an element of W{fi], then they ar
by an element of W{A).

Proof :

(i) follows from [HH|, Lemma 2.4.

(ii) and (iii) follows from [HW], Propositions 5.3 and 5.9.

(iv) It is clear that one may replace p and v by a conjugate element by W (A).
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